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We prove that the evaluation function of variational Bayesian (VB) clustering algorithms can be
described as the log likelihood of given data minus the Kullback–Leibler (KL) divergence between the
prior and the posterior of model parameters. In this novel formalism of VB, the evaluation functions can
be explicitly interpreted as information criteria for model selection and the KL divergence imposes a
heavy penalty on the posterior far from the prior. We derive the update process of the variational
Bayesian clustering with ﬁnite mixture Student’s t-distribution, taking the penalty term for the degree
of freedoms into account.
& 2009 Elsevier B.V. All rights reserved.
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1. Introduction
Data observed in experiments or statistical researches can
often be categorized into clusters of data points with similar
features. Such a clustering, however, is not trivially easy for
various reasons: the features used for it may not be optimal, or the
data set may include noisy elements. Here, we reformulate the
variational Bayesian (VB) method to solve difﬁcult clustering
problems.
Let m be the number of clusters and y ¼ fa1 ; a2 ; . . . ; am ;
b1 ; b2 ; . . . ; bm g be the set of parameters, where a and b represent
the size and other parameters of cluster k, respectively. When m
and y are given, we can deﬁne a ﬁnite mixture model by the
following conditional probability pðxn ; zn ¼ kjy; mÞ that the n-th
data takes a value of xn 2 RD and belongs to the k-th cluster with
probability ak :
pðxn ; zn ¼ kjy; mÞ ¼ ak Aðxn jbk Þ.

(1)

Here, Aðxn jbk Þ is some probability distribution to generate xn , and
variable zn 2 f1; 2; . . . ; mg speciﬁes the cluster from which xn is
taken.
Conversely, we want to estimate the optimal values of m, y and
z ¼ fz1 ; z2 ; . . . ; zN g when data points are given as x ¼ fx1 ; x2 ; . . . ;
xN g. If the prior distribution is set as pðy; mÞ ¼ pðmÞpðyjmÞ,
we can in principle estimate those quantities by calculating the
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marginal likelihood
Z
XX
X
pðmÞ pðyjmÞ
pðxn ; zn ¼ kjy; mÞ dy
pðxÞ ¼
m

n

and the posterior distributions:
R
P P
pðmÞ pðyjmÞ n k pðxn ; zn ¼ kjy; mÞ dy
,
pðmjxÞ ¼
pðxÞ
R
pðzn ¼ kjx; mÞ ¼

(2)

k

pðyjmÞpðxn ; zn ¼ kjy; mÞ dy
.
pðxÞ

(3)

(4)

In practice, however, the above high-dimensional integrals are
difﬁcult to calculate. To overcome this difﬁculty, we may employ
Markov Chain Monte Carlo (MCMC) methods for performing the
above integrations (see [6]). In MCMC, however, the convergence
to a correct solution is generally slow and is ensured only on a
strict condition.
VB gives a deterministic algorithm to ﬁnd approximate
solutions to the posterior distributions [3]. The algorithm of VB
is fast and resembles expectation–maximization (EM) algorithm
for the maximum likelihood estimation [4]. In particular,
optimizing the resultant clusters does not use information
criteria, such as AIC [1] or BIC [7]. Rather, the model selection in
VB is automatically accomplished by maximizing an estimation
function. VB often shows a better generalization ability than EM
when the number of data points is small. Clustering by VB can
also be improved by using mixtures of principal component
analyzers [5]. However, the formalism of VB is not transparent
since the estimation function does not provide a simple information-theoretic interpretation.
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In this report, we show that the estimation function can be
expressed as a sum of the log likelihood and a penalty term that
has a simple geometrical meaning. Namely, the penalty term can
be expressed as the Kullback–Leibler divergence of the prior and
the posterior of model parameters. This result achieves a deeper
insight into the theoretical framework of VB. Moreover, the result
provides a more sophisticated software implementation than the
previous ones. To show this explicitly, we derive a VB algorithm by
using a mixture of Student’s t-distributions. Such an algorithm is
known to be more robust against noisy data points (i.e., outliers)
than the algorithm with Gaussian mixtures [2,8].
The previous algorithm of VB with Student’s t-mixtures
assumed a uniform distribution for the priori of the degree of
freedom n [2]. This prior, however, makes the calculations of the
penalty term of n difﬁcult, so the term was simply neglected in the
formula. Here, we derive a natural expression of the penalty term
by employing an exponential distribution for the prior of n.
Preliminary results obtained in the analysis of multi-unit recording data [9] revealed that our algorithm signiﬁcantly improves the
speed and precision of spike sorting. The results of spike sorting
will be reported elsewhere.
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2.2. Model selection
To maximize F, we introduce the following function:
F m ½qðz; u; yjmÞ
XZ Z
pðx; u; z; yjmÞ
qðz; u; yjmÞ log
¼
dy du.
qðz; u; yjmÞ
z

(11)

By using the above function and qðz; u; y; mÞ ¼ qðmÞqðz; u; yjmÞ, we
can rewrite F as

X
qðmÞ
qðmÞF m  qðmÞ log
F¼
.
(12)
pðmÞ
m
By maximizing F with respect to qðmÞ, we obtain
qðmÞ / pðmÞ exp F m .

(13)

Since no prior information is available for m, we may regard pðmÞ
as constant. Therefore, we should select the value of m that
maximizes F m as the optimal number of clusters. Thus, we have to
solve the maximization problem of F m .

3. Implementations
2. Preparations
Below we explain our framework of variational Bayesian
formulated with a mixture of Student’s t-distributions.
2.1. Approximation
The Student’s t-distribution can be described as follows:
Z 1
 n n

Tðxjn; m; SÞ ¼
Nðxjm; u1 SÞ G u ; du,
2 2
0

(5)

where the normal distribution N and the gamma distribution G
are given as


1
1
1
T
,
(6)
Nðxjm; SÞ ¼
exp

S
ðx

m
Þðx

m
Þ
tr
2
j2pSj1=2
a

Gðuja; bÞ ¼

b
ua1 expðbuÞ.
GðaÞ

(7)

We deﬁne a probability distribution involving unobserved latent
variable unk as

(8)

where nk , mk and Sk represent the degree of freedom, mean and
variance matrix of cluster k, respectively. Then, we introduce a
functional of test function qðz; u; y; mÞ, which should approximate
the posterior distribution pðz; u; y; mjxÞ, as
F½qðz; u; y; mÞ
XXZ Z
pðx; z; u; y; mÞ
qðz; u; y; mÞ log
¼
dy du
qðz; u; y; mÞ
m
z
¼ log pðxÞ  KL½qðz; u; y; mÞ; pðz; u; y; m; xÞ.

(14)
3.1. Prior
The prior of the model parameters can be decomposed as
Q
pðyÞ ¼ pðaÞ k fpðnk ÞpðSk Þpðmk jSk Þg. We use the following distributions in this study:
pðaÞ ¼ Dðfa1 ; a2 ; . . . ; am gjfk0 ; k0 ; . . . ; k0 gÞ,

(15)

pðnk Þ ¼ x0 expðx0 nk Þ,

(16)

pðSk Þ ¼ W

1

ðSk jg0 ; g0 S0 Þ,

pðmk jSk Þ ¼ Nðmk jm0 ; Z1
0 Sk Þ,

pðxn ; zn ¼ k; unk jy; mÞ

 n n 
 k k
¼ ak Nðxn jmk ; u1
;
,
nk Sk Þ G unk 
2 2

Hereafter, we explain our algorithm to maximize F m . For
brevity, we do not explicitly show the dependence of m in the
argument and write qðajmÞ; pðajmÞ as qðaÞ; pðaÞ in the abbreviated
form. In addition, we assume that the following factorization
holds: qðz; u; yÞ ¼ qðz; uÞqðyÞ. With this assumption, Eq. (11) can be
transformed into
XZ Z
pðx; z; ujyÞpðyÞ
qðz; uÞqðyÞ log
F m ½qðz; uÞ; qðyÞ ¼
dy du.
qðz; uÞqðyÞ
z

(9)

(17)
(18)

where the Dirichlet distribution D and the inverse Wishart
distribution W1 are given as
P
Gð k Þ Y kk 1
Dðfa1 ; . . . ; am gjfk1 ; . . . ; km gÞ ¼ Q k k
ak ,
(19)
k Gðkk Þ k

W1 ðSjg; DÞ ¼

j 12 Djg=2 expð 12 tr DS1 Þ

GD ðg=2ÞjSj1=2ðgþDþ1Þ

(20)

and GD is the multivariate gamma function with dimension D. The
conventional distributions are used for a, mk and Sk . As mentioned
before, we adopted an exponential distribution for nk rather than
the uniform distribution chosen previously [2].

Here, Kullback–Leibler divergence
KL½qðz; u; y; mÞ; pðz; u; y; mjxÞ
XXZ Z
qðz; u; y; mÞ
¼
dy du
qðz; u; y; mÞ log
pðz;
u; y; mjxÞ
m
z

3.2. Initial conditions
(10)

vanishes when the test distribution coincides with the posterior.
Since pðxÞ takes a constant for given x, minimizing
KL½qðz; u; y; mÞ; pðz; u; y; mjxÞ is equivalent to maximizing F and
hence allows qðz; u; y; mÞ to approach pðz; u; y; mjxÞ.

VB algorithm alternately performs an E step and an M step. An
E step computes the expectation of the likelihood as if the latent
variables were observable, and an M step computes the maximum
likelihood estimates of the parameters by maximizing the
expected likelihood found on the preceding E step. The parameters found on the M step are then used to begin another E step.
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The value of optimization function F m in Eq. (14) is evaluated after
every E step, and the process is repeated until the value of F m
converges to a steady value.
The test distributions can be obtained in the derivation of the
M step. Below, hyper-parameters of the test distribution are
shown with tilde. As in the case of the prior of the model
parameters pðyÞ, the test distribution of the model parameters can
Q
also be decomposed as qðyÞ ¼ qðaÞ k fqðnk ÞqðSk Þqðmk jSk Þg. We use
the following distributions in this study:
~ 1; k
~ 2; . . . ; k
~ m gÞ,
qðaÞ ¼ Dðfa1 ; a2 ; . . . ; am gjfk
ðnk =2Þnk =2 expðx~ k nk Þ
,
qðnk Þ ¼
C n ðx~ k ÞGðnk =2Þ
~ Þ,
qðS Þ ¼ W1 ðS jg~ ; g~ S

(22)

~ k ; Z~ 1
qðmk jSk Þ ¼ Nðmk jm
k Sk Þ,

(24)

k

k

k

k

k

(21)

(23)

where G is the gamma function. For the convenience of practical
computations, we may replace qðnk Þ with dðnk  n~ k Þ by MAP
approximation, where n~ k is the value of n that maximizes qðnk Þ.
Thus, n~ k is a solution to dqðnk Þ=dnk ¼ 0. Normalization constant
C m ðxÞ is determined as
Z
ðn=2Þn=2 expðxnÞ
C m ðxÞ ¼
dn.
(25)
Gðn=2Þ

rewrite Eq. (14) as
XZ Z
pðx; z; ujyÞ
Fm ¼
qðz; uÞqðyÞ log
dy du
qðz; uÞ
z
Z
Z
X
qðyÞ
qðz; uÞ du qðyÞ log
dy.
(33)

pðyÞ
z
P R
Since
qðz; uÞ du ¼ 1 holds, the second term coincides with
z
KL½qðyÞ; pðyÞ.
Then, using (27), we can transform the ﬁrst term into
XXZ
(34)
qðzn ¼ k; unk Þflog znk  log qðzn ¼ k; unk Þg dunk ,
n

k

which we can further rewrite as

XXZ
z
qðzn ¼ k; unk Þ log znk  log P nk
n

¼

XXZ
n

¼

X

k

log

On an E step, F m ½qðz; uÞ; qðyÞ is maximized with respect to
qðz; uÞ while qðyÞ is ﬁxed. We can ﬁnd such a qðz; uÞ as

znk

qðzn ¼ k; unk Þ ¼ P

0

k

(26)

rnk0

by using the Lagrange multiplier method, where
Z
znk ¼ exp qðyÞ log pðxn ; zn ¼ k; unk jyÞ dy
¼

rnk ¼

a^ k ðn~ k =2Þn~ k =2
1=2

^
ð2pÞD=2 S
Z

Gðn~ k =2Þ

znk dunk ¼

nk 1Þ
expðbnk unk Þ,
uða
nk

a^ k ðn~ k =2Þn~ k =2
^
ð2pÞD=2 S

1=2

Gðn~ k =2Þ

nk
Gðank Þba
nk .

n

qðunk jzn ¼ kÞ ¼

rnk

¼ Gðunk jank ; bnk Þ

r

log u^ nk ¼

Z

(27)

(28)

(29)

(30)
(31)

qðunk jzn ¼ kÞ log unk dunk

¼ Cðank Þ  log bnk ,

dunk

rnk0

k0

rnk0

(35)

0

k

P R
by using (26) and
qðzn ¼ k; unk Þ dunk ¼ 1. Thus, we ﬁnally
k
obtain the following expression of the estimation function:
X
X
Fm ¼
log
rnk  KL½qðyÞ; pðyÞ.
(36)
k

The above results reveal that the estimation function consists of
P
the log likelihood given by
k rnk, which has already been
calculated at the preceding E step, and the penalty term calculated
from the test function qðyÞ. Thus, VB method maximizes the log
likelihood calculated from the test function with a penalty given
as the deviation of the test function from the prior. Note that our
evaluation of F m no longer requires heavy calculations of the
multi-dimensional integrals in Eq. (33), whereas the conventional
evaluation step calculates the integrals directly.

An M step completes one cycle of EM algorithm. M step is
complementary to E step, that is, F m ½qðz; uÞ; qðyÞ is maximized
with respect to qðyÞ while qðz; uÞ is ﬁxed. Such a qðyÞ can be
expressed in a fashion similar to Eqs. (21)–(24), and the hyperparameters are derived as

k~ k ¼ k0 þ N̄k ,

(37)

g~ k ¼ g0 þ N̄k ,

(38)

Z~ k ¼ Z0 þ M̄k ,

(39)

we can derive the following quantities:
z̄nk ¼ qðzn ¼ kÞ ¼ P nk ,
0
0
k rnk
Z
a
ūnk ¼
qðunk jzn ¼ kÞunk dunk ¼ nk ,
bnk

X

rnk0

3.5. M step

The parameters appearing in the above equations are deﬁned in
Appendix A. Then, using

znk

qðzn ¼ k; unk Þ dunk log

X

n

3.3. E step

k0

k



(32)

which are used on the succeeding M step, where C is the
digamma function.

^k
M̄ k  M
,
2N̄

(40)

m~ k ¼

Z0 m0 þ M̄k m̄k
,
Z0 þ M̄k

(41)

~k ¼
S

1
g0 þ N̄k

x~ k ¼ x0 þ

(

g0 G0 þ M̄k S̄k þ

Z0 M̄k
Z0 þ M̄k

)
ðm̄k  m0 Þðm̄k  m0 ÞT .

(42)

The parameters appearing in the above equations are deﬁned in
Appendix A.

3.4. Evaluation

4. Discussion

The output of each E step is evaluated by the value of
F m ½qðz; uÞ; qðyÞ before a succeeding M step is processed. We ﬁrst

If we take the limit of vanishing x0 in Eq. (40), the prior
approaches a uniform distribution and the renewal rule coincides
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ank ¼ 12ðn~ k þ DÞ,

ξ0 = 10-2

(45)

1
n þ D=Z~ k þ tr S~ k ðxn  m~ k Þðxn  m~ k ÞT g.

1 ~
2f k

(46)

ξ0 = 10-3

bnk ¼

5

ξ0 = 10-4

4

AIC

3

The deﬁnitions of the parameters used in Eqs. (37)–(42) are
listed as follows:
X
z̄nk ,
N̄k ¼
(47)

2

M̄k ¼

6
KL[q(ν), p(ν)]
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n
X

z̄nk ūnk ,

(48)

z̄nk log u^ nk ,

(49)

n

1

^k¼
M

0

X
n

0

20

40

60

80

100

~
ν
Fig. 1. Penalty terms of n for various values of x0 .

with the previous one [2], in which the penalty term diverges, as
shown below. By contrast, too large x0 implies too strong
inﬂuences of the prior. Thus, an appropriate value range of x0
should exist. This point was studied in an example.
In Fig. 1, we plot the values of the penalty term of n (i.e.,
KL½qðnÞ; pðnÞ) for the estimated values of n~ . Three values of x0 were
tested. As a reference, we calculated the penalty term that should
be added to AIC, which is 1, by the inclusion of n. Note that at
x0 ¼ 102 the estimated value of n~ cannot be larger than 50. When
x0 is smaller than 104 , the prior distribution is very close to a
uniform distribution. However, the penalty term is rapidly
increased for such a small value of x0 . We suggest that an
appropriate value of the hyper-parameter of the prior distribution
is x0  103 .
5. Conclusions
In this letter, we have derived a simple expression for the
estimation function of VB method. This expression is mathematically transparent and is easy to calculate numerically. We
applied the obtained framework to derive the penalty term and
the renewal rule for the degrees of freedom n of the robust VB
method.
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1 X
z̄nk ūnk xn ,
M̄ k n
1 X
z̄nk ūnk ðxn  m̄k Þðxn  m̄k ÞT .
S̄k ¼
M̄ k n

m̄k ¼

(50)
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Appendix A
The parameters used in Eqs. (27)–(28) are deﬁned as follows:
!
Z
X
^
~
0
~
(43)
qðaÞ log ak da ¼ Cðkk Þ  C
kk ,
log ak ¼
0

k

^ ¼
log S
k

Z

qðSk Þ log jSk j dSk

 X



 D1
g~
g~  i
~ k 
¼ log k S
C k
,

2
2
i¼0

(44)
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